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Abstrat
We present a topos-theoreti interpretation of (a ategorial
generalization of) Fraïssé's onstrution in model theory, with
appliations to ountably ategorial theories.
1 A ategorial generalization of Fraïssé's
theorem
In this setion we present a ategorial generalization of Fraïssé's
onstrution in model theory. Our result is tehnially similar to (though
more general than) the ategorial theorem in [5℄, but follows as an
appliation of the theory developed by Kubi± in [10℄.
First, let us introdue the relevant terminology.
Denition 1.1. A ategory C is said to satisfy the amalgamation property
(AP) if for every objets a, b, c ∈ C and morphisms f : a→ b, g : a→ c in C
there exists an objet d ∈ C and morphisms f ′ : b→ d, g′ : c→ d in C suh
that f ′ ◦ f = g′ ◦ g:
a
g

f
// b
f ′




c
g′
//___ d
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Notie that C satises the amalgamation property if and only if Cop satises
the right Ore ondition. So if C satises AP then we may equip Cop with
the atomi topology. This point will be the basis of our topos-theoreti
interpretation desribed in the next setion.
Denition 1.2. A ategory C is said to satisfy the joint embedding
property (JEP) if for every pair of objets a, b ∈ C there exists an objet
c ∈ C and morphisms f : a→ c, g : b→ c in C:
a
f



b g
//___ c
Notie that if C has a weakly initial objet then AP on C implies JEP on C;
however in general the two notions are quite distint from one another.
Denition 1.3. Given an embedding i : C → D, an objet u ∈ D is said to
be C-homogeneous if for every objets a, b ∈ C and arrows j : a→ b in C
and χ : a→ u in D there exists an arrow χ˜ : b→ u suh that χ˜ ◦ j = χ:
a
j

χ
// u
b
χ˜
??



u is said to be C-ultrahomogeneous if for every objets a, b ∈ C and arrows
j : a→ b in C and χ1 : a→ u, χ2 : b→ u in D there exists an isomorphism
jˇ : u→ u suh that jˇ ◦ χ1 = χ2 ◦ j:
a
j

χ1 // u
jˇ




b χ2
// u
u is said to be C-universal if it is C-onal, that is for every a ∈ C there
exists an arrow χ : a→ u in D:
a
χ
//___ u
Remarks 1.4. It is easy to see that if u is C-ultrahomogeneous and
C-universal then u is C-homogeneous. Also, to verify that an objet u in D
is C-ultrahomogeneous one an learly suppose, without loss of generality,
that the arrow j in the denition is an identity.
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Let us reall the following denitions from [10℄.
Given a ategory C and a olletion of arrows F ⊆ arr(C), F is said to be
dominating in C if the family Dom(F) of objets whih are domains of an
arrow in F is onal in C and satises the following property: for every
a ∈ Dom(F) and every arrow f : a→ x in C there exists an arrow
g : x→ cod(g) in C suh that g ◦ f ∈ F .
Notie that arr(C) is always dominating in C, and if C′ is a skeleton of C,
arr(C′) is dominating in C.
Given a ategory C and an ordinal κ > 0, an indutive κ-sequene (or
κ-hain) in C is a funtor ~u : κ→ C, where κ is regarded as a poset ategory.
For i ∈ κ we denote ~u(i) by ui and for i, j ∈ κ suh that i ≤ j we denote
~u(i→ j) : ui → uj by u
j
i . ~u is said to be a Fraïssé sequene of length κ (or,
briey, a κ-Fraïssé sequene) in C if it satises the following onditions:
(1) For every a ∈ C there exists i ∈ κ and an arrow χ : a→ ui in C;
(2) For every i ∈ κ and for every arrow f : ui → cod(f) in C, there exists
j ∈ κ with j ≥ i and an arrow g : cod(f)→ uj suh that u
j
i = g ◦ f .
~u is said to have the extension property if it satises the following ondition:
For every arrows f : a→ b, g : a→ ui in C where i ∈ κ, there exists j ∈ κ
with j ≥ i and an arrow h : b→ uj suh that u
j
i ◦ g = h ◦ f .
Of ourse, every sequene satisfying the extension property satises
property (2) in the denition of Fraïssé sequene.
A ategory C is said to be κ-bounded if every hain in C of length λ < κ has
a oone in C over it. Clearly, every ategory is ω-bounded.
A κ-hain ~u : κ→ C is said to be ontinuous if for eah limit ordinal j ∈ κ,
uj is the olimit of the j-hain obtained as the restrition of ~u to j with
universal olimit arrows given by the arrows ui → uj (i < j) of the hain.
Given an innite ardinal κ and an embedding i : C → D, we denote by Dκ
the full subategory of D on the objets that an be expressed as olimits of
κ-hains in C and by Dcκ the full subategory of D on the objets that an
be expressed as olimits of ontinuous κ-hains in C. We will say that an
embedding i : C → D is κ-ontinuous if Dκ = D
c
κ. Obviously, every
embedding is ω-ontinuous.
Following the terminology in [5℄, we will say that an objet a in C is κ-small
in D if the funtor HomD(i(a),−) : D → Set preserves all olimits of
κ-hains in D; in partiular, every nitely presentable objet in C is κ-small.
Notie that, given an embedding i : C → D suh that all the objets in C
are κ-small in D, for i to be κ-ontinuous it sues that C is losed under
olimits of λ-hains in D for eah λ < κ; indeed, given an indutive
κ-sequene ~u in C with olimit u we an onstrut (by transnite reursion)
a ontinuous κ-hain ~v in C with a universal olimiting one D to u (fr.
also the proof of Lemma 1 in [12℄); indeed, denoted by ji : ui → u (for
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i < κ) the universal olimit arrows for ~u, we dene ~v as follows:
~v(0) = ~u(0) and D(0) = j0;
given ~v(i) and D(i) : vi → u, vi being κ-small in D, there exists j > i and
an arrow h : vi → uj suh that D(i) = ji ◦ h; we put ~v(i+ 1) = uj and
D(i+ 1) = h;
if i < κ is a limit ordinal then we dene ~v(i) and D(i) respetively as the
olimit colimj<i~v(j) and the unique arrow colimj<i~v(j)→ u indued via the
universal property of the olimit by the arrows D(j) : ~v(j)→ u (for j < i).
The sequene ~v is dened on the arrows in the obvious way.
If i is the embedding of the full subategory on the κ-presentable objets of
a κ-aessible ategory C having direted olimits into C, then, denoted by
Cκ
+
the full subategory of C on the κ+-presentable objets, by the proof of
Lemma 1 in [12℄ we have that Cκ
+
= Cκ = C
c
κ; in partiular i is κ-ontinuous.
Theorem 1.5. Let κ be an innite regular ardinal and C be a κ-bounded
ategory satisfying the amalgamation and the joint embedding properties. If
there exists a dominating family of arrows F in C suh that |F| ≤ κ, then
for any embedding i : C → D suh that D has all olimits of κ-hains in C
and all the objets in C are κ-small in D, there exists in Dκ a
C-homogeneous and C-universal objet; if moreover all the morphisms in Dcκ
are moni (as arrows in Dcκ) then every C-homogeneous and C-universal
objet in Dcκ is C-ultrahomogeneous and unique (up to isomorphism) with
these properties in Dcκ.
Conversely, given an embedding i : C → D suh that all the morphisms in
Dκ are moni, if there exists in Dκ an objet whih is C-homogeneous and
C-universal, then the ategory C satises the amalgamation and joint
embedding properties.
Proof Let u be the olimit in D of an indutive κ-sequene ~u in C. Then
the following fats hold:
(1) If u is C-homogeneous and C-universal and all the morphisms in Dκ
(respetively, in Dcκ if u belongs to D
c
κ) are moni then ~u is a Fraïssé
sequene.
(2) If ~u is a κ-Fraïssé sequene then u is C-homogeneous and C-universal;
moreover, if ~u is ontinuous then u is C-ultrahomogeneous.
To prove (1), let us suppose that u is C-homogeneous and C-universal and
all the morphisms in Dκ (respetively, in D
c
κ if u belongs to D
c
κ) are moni.
Condition (1) in the denition of Fraïssé sequene trivially follows from the
fat that u is C-universal and every objet of C is κ-small in D. To verify
ondition (2), we prove that ~u satises the extension property. Sine ~u is
C-homogeneous, then given arrows f : a→ b and g : a→ ui in C where
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i ∈ κ, and the olimit map ji : ui → u, there exists an arrow h : b→ u suh
that h ◦ f = ji ◦ g. Now, b being κ-small in D, h fators as b
hj
→ uj
jj
→ u for a
suiently large j. If we take a j ≥ i then we learly have uji ◦ g = hj ◦ f , jj
being moni.
Let us now prove fat (2). By ondition (1) in the denition of Fraïssé
sequene, u is learly C-universal. Let us now prove that u is
C-homogeneous.
Given objets a, b ∈ C and arrows f : a→ b in C and χ : a→ u in D, we
want to prove that there exists an arrow χ˜ : b→ u suh that χ˜ ◦ f = χ:
a
f

χ
// u
b
χ˜
??



Sine a is κ-small in D, χ fators as a
χi→ ui
ji→ u for some i ∈ κ. From the
fat that C satises AP we obtain an objet d ∈ C and two arrows
h : ui → d and l : b→ d suh that l ◦ f = h ◦ χi. Now by ondition (2) in
the denition of Fraïssé sequene we get a j ∈ κ with j ≥ i and an arrow
m : d→ uj suh that u
j
i = m ◦ h. Hene the arrow χ˜ := jj ◦m ◦ l satises
the required property.
Let us now prove the following fat, to whih we will refer as to fat (3):
If ~u and ~v are two ontinuous κ-Fraïssé sequenes in C and f : uk → vl is an
arrow between elements respetively of ~u and ~v there exists in D an
isomorphism f˜ : lim−→ ~u→ lim−→~v suh that f˜ ◦ jk = j
′
l ◦ f (where
jk : uk → lim−→
~u and j′l : vl → lim−→
~v are the obvious olimit arrows).
To this end, let us establish the following fat: given any k, l ∈ κ and any
arrow f : uk → vl there exist two stritly inreasing funtions k, l : κ→ κ
and two natural transformations F : ~u ◦ k → ~v ◦ l and G : ~v ◦ l→ ~u ◦ k+,
where k+ is the funtion dened by k+(i) = k(i+ 1) for eah i < κ, with
the following properties:
k(0) = k and l(0) = l,
F (0) = f and F (i+ 1) ◦G(i) = v
l(i+1)
l(i) , G(i) ◦ F (i) = u
k(i+1)
k(i) (for eah i ∈ κ).
We dene k(i), l(i), F (i), G(i) (and prove that they satisfy the required
properties) by transnite indution on i < κ.
For i = 0 we put k(0) = k, l(0) = l, F (0) = f and dene k(1) and
G(0) : vl → uk(1) as follows: by ondition (2) in the denition of Fraïssé
sequene applied to ~u there exist j ∈ κ with j > k and an arrow s : vl → uj
suh that s ◦ f = ujk; we put k(1) = j and G(0) = s.
Given k(i), k(i+ 1), l(i), F (i), G(i) we dene
k(i+ 2), l(i+ 1), F (i+ 1), G(i+ 1) as follows: by ondition (2) in the
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denition of Fraïssé sequene applied to ~v there exist j ∈ κ with j > l(i)
and an arrow s : uk(i+1) → vj suh that s ◦G(i) = v
j
l(i); we put l(i+ 1) = j
and F (i+ 1) = s. Again, by ondition (2) in the denition of Fraïssé
sequene applied to ~u there exist j′ ∈ κ with j′ > k(i+ 1) and an arrow
s′ : vl(i+1) → uj′ suh that s
′ ◦ F (i+ i) = uj
′
k(i+1); we put k(i+ 2) = j
′
and
G(i+ 1) = s′.
If i = supj<ij is a limit ordinal we put k(i) = supj<ik(j) ∈ κ,
l(i) = supj<il(j) ∈ κ and dene both F (i) and G(i) by taking olimits.
More preisely, sine the restrition of k to i is stritly inreasing and the
hain ~u is κ-ontinuous then uk(i) is the olimit of the restrition of the
hain ~u ◦ k to i; analogously, vl(i) is the olimit of the restrition of the
hain ~v ◦ l to i; then we dene F (i) : uk(i) → vl(i) to be the unique arrow,
given by the universal property of the olimit, suh that for eah j < i
F (i) ◦ u
k(i)
k(j) = v
l(i)
l(j) ◦ F (j). G(i) is dened similarly.
The veriation that all the required properties are satised is easily done
by indution on i < k.
Now, sine k and l are stritly inreasing funtions, then, regarded as
funtors κ→ κ, they are onal. This implies that u = lim−→~u = lim−→(~u ◦ k)
and v = lim
−→
~v = lim
−→
(~v ◦ l). Hene the natural transformations F and G
respetively indue arrows f˜ : u→ v and g : v → u suh that, denoted by
jk(i) : uk(i) → u and j
′
l(i) : vl(i) → v the olimit arrows, f˜ ◦ jk(i) = j
′
l(i) ◦ F (i)
and g ◦ j′l(i) = jk(i+1) ◦G(i) for eah i ∈ κ; in partiular f˜ ◦ jk = j
′
l ◦ f . We
have g ◦ f˜ = 1u and f˜ ◦ g = 1v in D, from whih it follows that f˜ is an
isomorphism with the required property. Indeed, let us for example prove
that rst equality; the seond follows similarly. By the universal property of
the olimit u = lim−→(~u ◦ k), it is equivalent to hek that g ◦ f ◦ jk(i) = jk(i)
for eah i ∈ κ. Now by the equalities above we obtain
g ◦ f˜ ◦ jk(i) = g ◦ j
′
l(i) ◦ F (i) = jk(i+1) ◦G(i) ◦F (i) = jk(i+1) ◦ u
k(i+1)
k(i) = jk(i), as
required. This ompletes the proof of fat (3).
Coming bak to our Fraïssé sequene ~u, by taking ~v = ~u in fat (3), we see
that if ~u is ontinuous then u satises the property of ultrahomogeneity
with respet to any arrow between elements of the Fraïssé sequene ~u; it
remains to extend this result to hold for any arrow f : a→ b in C. So we
have to prove that for any arrows s : a→ u and t : b→ u in D there exists
an automorphism f˜ : u→ u suh that f˜ ◦ s = t ◦ f :
a
f

s // u
f˜



b
t
// u
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Sine a is κ-small in D, s fators as a
si→ ui
ji
→ u for some i ∈ κ. From the
fat that u is C-homogeneous (whih we observed above), it follows that
there exists an arrow h : ui → u suh that h ◦ si = t ◦ f . Now fat (3)
implies the existene of an automorphism f˜ of u suh that f˜ ◦ ji = h; then
f˜ ◦ s = f˜ ◦ ji ◦ si = h ◦ si = t ◦ f , that is f˜ satises the required ondition.
So far we have proved fats (1), (2) and (3).
Now, if C is κ-bounded, satises AP, JEP and has a dominating family of
arrows F suh that |F| ≤ κ, then by Theorem 3.5 in [10℄ there exists a
κ-Fraïssé sequene in C; hene by fat (2) there exists in Dκ a
C-homogeneous and C-universal objet u.
Let us now suppose that all the morphisms in Dcκ are moni. If u is a
C-universal and C-homogeneous objet in Dcκ then by fats (1) and (2)
above u is C-ultrahomogeneous. Now, suppose that u, v ∈ Dcκ are both
C-ultrahomogeneous and C-universal. Then by writing u = lim−→ ~u and
v = lim−→~v where ~u and ~v are ontinuous indutive κ-sequenes in C, from
fat (1) above we dedue that both ~u and ~v are ontinuous κ-Fraïssé
sequenes in C; then by fat (3) there is an isomorphism u ∼= v.
It remains to prove the last part of the theorem. From the proof of fat (2)
above, it follows that there exists in C a κ-Fraïssé sequene satisfying the
extension property; then the thesis follows from Proposition 3.1 in [10℄.

Remark 1.6. One an relax the ondition in the seond part of the
theorem that all the morphisms in Dcκ are moni to the weaker ondition
that all the universal olimit arrows to the olimits of ontinuous κ-hains
in D are moni in Dκ, whih is what one just needs in the proof of the
theorem; however, in ase all the morphisms in C are moni, this weaker
ondition turns out to be equivalent to the original ondition.
Remark 1.7. The ategorial theorem in Droste and Göbel [5℄ an be
obtained as the partiular ase of Theorem 1.5 when i is the embedding of
the ategory C<κ of κ-small objets of a κ-algebroidal ategory C whose
morphisms are all moni into C and F is the olletion of arrows of some
skeleton of C<κ. Fraïssé's theorem is already a partiular ase of Droste and
Göbel's result (as it is observed in [6℄), hene it is a fortiori a partiular
ase of our theorem.
Let us note that given a ategory C as in Theorem 1.5, there is always an
embedding i : C → D satisfying the hypotheses of the rst part of the
theorem, that is suh that D has all olimits of κ-hains in C and all the
objets in C are κ-small in D; in fat, one an take as D the ind-ompletion
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Ind-C of C or the ompletion (Ind-C)κ of C in Ind-C under olimits of
κ-hains. Reall that in ase C is Cauhy-omplete, C an be reoved from
Ind-C as the full subategory on the nitely presentable objets; also, we
have seen above that (Ind-C)ω an be identied with the full subategory of
Ind-C on the ω+-presentable objets.
Let us now apply Theorem 1.5 in the ontext of rst-order theories.
Corollary 1.8. Let Σ be a one-sorted signature, T a rst-order theory over
Σ and κ an innite ardinal suh that κ > card(Σ). Let T-mode be the
ategory of T-models and elementary embeddings between them and
ik : T-mod
κ
e → T-mode be the embedding of the full subategory T-mod
κ
e of
T-mode on the κ-presentable objets into T-mode. Then if T-mod
κ
e satises
AP, JEP and has a dominating family of arrows in it of ardinality at most
κ, T has a model of ardinality ≤ κ whih is T-modκe -ultrahomogeneous and
T-mod
κ
e -universal; moreover, a T-model with these properties is unique (up
to isomorphism) among the T-models of ardinality ≤ κ.
Proof This immediately follows from Theorem 1.5, Proposition 1 in [12℄
and the remarks preeding Theorem 1.5. 
Finally, some ardinality onsiderations. If C is a ategory strutured over
Set, or more generally over a funtor ategory [I,Set] (where I is a set,
regarded here as a disrete ategory) via a forgetful funtor
U : C → [I,Set], then one an naturally dene a notion of ardinality for
objets of C. Indeed, one an dene the ardinality of an objet c ∈ C by
the formula card(c) = |
∐
i∈I U(c)(i)| =
∐
i∈I |U(c)(i)|. These denitions
apply for instane to the ase of models of a many-sorted (geometri)
theory (in this ase C is the ategory of suh models while I is the set of
sorts of the theory), giving a notion of ardinality for suh models that
generalizes the denition of ardinality of a model in lassial model theory.
Suppose i : C → D is an embedding as in Theorem 1.5; if D is strutured
over a funtor ategory [I,Set] via a funtor U : D → [I,Set] then we have
a notion of ardinality for objets of D and in partiular of C, and we might
want to estimate the ardinality of the ultrahomogeneous universal objet
given by Theorem 1.5 in terms of the ardinality of the objets of C. This is
partiularly easy to do in ase the funtor U reates olimits of κ-hains; in
fat we know that the olimits in [I,Set] are omputed pointwise and we
have a partiularly elegant desription of ltered olimits (in partiular
olimits of κ-hains) in Set (see for example p. 77 in [2℄). Speially, if
u = lim
−→
~u is the olimit in D of an indutive κ-sequene with values in C, we
have
8
card(u) = card(lim−→D ~u) = card(lim−→[I,Set](U ◦ ~u)) =
∐
i∈I | lim−→Set(U ◦ ~u)(i)|.
Notie that for eah i ∈ I, (U ◦ ~u)(i) denes a κ-hain in Set. From this
expression one an then dedue that if |I| ≤ κ and for eah i ∈ I and j ∈ κ
|(U ◦ ~u)(i)(j)| ≤ κ then card(u) ≤ κ. Thus for example if all the objets in
C have ardinality ≤ κ and |I| ≤ κ then every objet in Dκ has ardinality
≤ κ. This is for instane the ase of the lassial Fraïssé's onstrution,
where in fat the Fraïssé's limit is always at most ountable.
2 The topos-theoreti interpretation
A remark on notation: all the toposes in this setion will be Grothendiek
toposes, if not otherwise stated.
Let us reall that there exists an initial objet in the ategory of toposes
and geometri morphisms, whih is given by the terminal ategory 1 having
just one objet and the identity morphism on it; in fat, this ategory is a
(oherent, atomi) Grothendiek topos, being the ategory of sheaves on
the empty ategory with respet to the atomi topology on it (another
presentation of it is obtained by taking the sheaves on 1 with respet to the
maximal Grothendiek topology on it, that is the topology in whih all
sieves over). We will say that a topos E is trivial if it is naturally
equivalent to 1; of ourse, this is the same as saying that E is degenerate,
that is 0E ∼= 1E .
Let us reall that a topos E is said to have enough points if the inverse
image funtors of the geometri morphisms Set→ E are jointly
onservative; every oherent topos has enough points (see for example [9℄).
Lemma 2.1. Let E be a topos with enough points. Then E is trivial if and
only if it has no points.
Proof In one diretion, let us suppose E trivial. Then E has no points
beause if f : Set→ E were a point then we would have
0Set ∼= f
∗(0E) ∼= f
∗(1E) ∼= 1Set, whih is absurd. Conversely, if E has no
points then by taking the unique arrow 0 : 0E → 1E in E then we trivially
have that for eah point f of E f ∗(0) is an isomorphism; from the fat that
E has enough points we an thus onlude that 0 is an isomorphism, that is
E is trivial. 
Lemma 2.2. Let C be a ategory satisfying the right Ore ondition, and Jat
the atomi topology on it. Then Sh(C, Jat) is trivial if and only if C is the
empty ategory.
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Proof Reall that 1Sh(C,Jat) is given by the onstant funtor
∆1Set : C
op → Set, while 0Sh(C,Jat) is given by the result of applying the
assoiated sheaf funtor a : [Cop,Set]→ Sh(C, Jat) to the initial objet of
[Cop,Set], that is the onstant funtor ∆∅ : Cop → Set. But this funtor is
trivially a sheaf with respet to the atomi topology on C, sine all its
overing sieves are non-empty, so a(∆∅) ∼= ∆∅. Now, learly, ∆∅ ∼= ∆1Set if
and only if C is the empty ategory. 
Lemma 2.3. Let C be a ategory satisfying the right Ore ondition, and Jat
the atomi topology on it. Then if [Cop,Set] is oherent, Sh(C, Jat) is
oherent.
Proof From [1℄ we know that if [Cop,Set] is oherent, then we an
axiomatize the theory of at funtors on C with oherent axioms in the
language of presheaves on C. Then, to obtain a oherent axiomatization for
the theory of at Jat-ontinuous funtors on C, it sues to add to these
axioms, for eah arrow f : c→ d, the following (oherent) axiom:
⊤ ⊢y (∃x ∈ c)(f(x) = y) .

We reall that in [1℄ Beke, Karazeris and Rosiký have introdued a notion
of ategory having all f nite limits and proved the following result:
[Cop,Set] is oherent if and only if C has all f nite limits. Without going
into details, we just remark that this fat an be protably applied in
onnetion with Lemma 2.3 (see for example Theorem 2.4 below).
We reall that a geometri theory T is said to be of presheaf type if its
lassifying topos is a presheaf topos (equivalently, the topos [C,Set], where
C := (f.p.T-mod(Set)) is the ategory of nitely presentable T-models in
Set). We will say that two geometri theories are Morita-equivalent if they
have the same ategory of models - up to natural equivalene - into every
Grothendiek topos E naturally in E , equivalently the same lassifying
topos.
We reall from [3℄ that if T is a theory of presheaf type suh that the
ategory (f.p.T-mod(Set))op satises the right Ore ondition (equivalently
f.p.T-mod(Set) satises AP), then the topos Sh((f.p.T-mod(Set))op, Jat)
lassies the homogeneous T-models. We note that the notion of
homogeneity of a model of T in Set dened in [3℄ oinides with the notion
of (f.p.T-mod(Set))-homogeneous objet of the ategory T-mod(Set) with
respet to the embedding (f.p.T-mod(Set)) →֒ T-mod(Set) that we dened
in the rst setion of this paper.
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We will sometimes identify theories with their Morita-equivalene lasses;
the theory of at Jat-ontinuous funtors on (f.p.T-mod(Set))
op
, whih an
be taken as the anonial representative for the Morita-equivalene lass
of theories lassied by the topos Sh((f.p.T-mod(Set))op, Jat), will be alled
the theory of homogeneous T-models.
A geometri theory is said to be onsistent if it has at least one model in
Set.
The previous lemmas ombine to give the following onsisteny result.
Theorem 2.4. Let T be a theory of presheaf type suh that the ategory
f.p.T-mod(Set) has the amalgamation property. If the theory of
homogeneous T-models is Morita-equivalent to a oherent theory (for
example when the ategory f.p.T-mod(Set) has all f nite olimits) and
there is at least one T-model in Set, then there exists at least one
homogeneous T-model in Set.
Proof The theory T
′
of homogeneous T-models is Morita-equivalent to a
oherent theory if and only if its lassifying topos
Sh((f.p.T-mod(Set))op, Jat) is a oherent topos. Notie that for any
ategory C, C is empty if and only if Ind-C is empty; so if T is a theory of
presheaf type then T has a model in Set if and only if it has a nitely
presentable model in Set. Then, sine f.p.T-mod(Set) is not the empty
ategory, it follows from Lemma 2.2 that the topos
Sh((f.p.T-mod(Set))op, Jat) is not trivial. Hene, by Lemma 2.1, it has a
point. This point orresponds to a T
′
-model in Set, that is, to a
homogeneous T-model in Set. The fat that when the ategory
f.p.T-mod(Set) has all f nite olimits, T′ is Morita-equivalent to a
oherent theory follows from Lemma 2.3. 
A (many-sorted) geometri theory is said to be atomi if it is lassied by
an atomi topos. Of ourse, the property of atomiity for a theory is stable
under Morita-equivalene. A geometri theory T over a signature Σ is said
to be omplete if every sentene over Σ is T-provably equivalent to ⊤ or ⊥,
but not both. It is well-known that if T is atomi then T is omplete if and
only if its lassifying topos Set[T] is onneted (equivalently, two-valued -
see the proof of Theorem 2.5 below). Reall that if a theory is oherent
then its ompleteness implies its onsisteny (fr. for example Lemma 2.1),
but this impliation does not hold for a general geometri theory; in fat,
there exist onneted atomi toposes without points (see for example [9℄).
We also remark that the property of ompleteness for a geometri theory is
stable under Morita-equivalene, being equivalent to a ategorial property
(to be two-valued) of the orresponding lassifying topos.
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Theorem 2.5. Let C be a ategory satisfying the right Ore ondition, and
Jat the atomi topology on it. Then the atomi topos Sh(C, Jat) is onneted
if and only if C is a onneted ategory.
Proof Reall that a topos E is said to be loally onneted if the
geometri morphism γ : E → Set is essential, that is the inverse image
funtor γ∗ : Set→ E has a left adjoint γ! : E → Set. An objet A of a
loally onneted topos E is said to be onneted if γ!(A) ∼= 1Set. Every
atomi topos E is loally onneted (see for example p. 684 of [9℄), and the
objets of E whih are onneted are also alled atoms.
We observe that an objet A of an atomi topos E is an atom if and only if
the only subobjets of A in E are 0A : 0→ A and 1A : A→ A and they are
distint from eah other. Indeed, this easily follows from the bijetion
SubE(A) ∼= SubSet(γ!(A)) (fr. p. 685 of [9℄). Hene, sine every atomi
topos is loally onneted, Lemma C.3.3.3 in [9℄ gives the following
haraterization, to whih we refer as to (∗): an atomi topos E is
onneted if and only if the only subobjets of 1E in E are 01 : 0→ 1 and
11 : 1→ 1 and they are distint from eah other. We use this riterion to
prove our theorem.
We an identify the subterminals in Sh(C, Jat) with Jat-ideals on C (see p.
576 of [9℄). By realling (from the proof of Lemma 2.2) that 0Sh(C,Jat) is the
onstant funtor ∆∅ : Cop → Set, ondition (∗) an thus be rephrased as
follows:
C is non-empty and every non-empty subset I ⊆ ob(C) whih is a sieve (that
is, for eah arrow f : a→ b in C, b ∈ I implies a ∈ I) and satises the
property (∀R ∈ Jat(U)((∀fi : Ui → U ∈ R,Ui ∈ I)⇒ (U ∈ I)) is the whole
of C.
Being Jat the atomi topology on C, this ondition simplies to:
C is non-empty and every non-empty subset I ⊆ ob(C) whih is a sieve and
satises the property ∀f : V → U in C, ((V ∈ I)⇒ (U ∈ I)) is the whole of
ob(C); but this is learly equivalent to saying that C is onneted. 
Theorem 2.6. Let C be a non-empty ategory satisfying the amalgamation
property. Then C satises the joint embedding property if and only if it is a
onneted ategory.
Proof If C satises JEP then for any objets a, b ∈ C there exists an objet
c ∈ C and morphisms f : a→ c, g : b→ c in C:
a
f

b g
// c
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Then we have the following zig-zag between a and b:
a
1a
  


 f
=
==
==
==
= b
g
  


 1b
?
??
??
??
?
a c b .
Conversely, we prove that for any objets a, b ∈ C there exists an objet
c ∈ C and morphisms f : a→ c, g : b→ c in C by indution on the length n
of a zig-zag that onnets a and b. If n = 1 then the thesis follows
immediately from the amalgamation property. If n > 1 we have a zig-zag
. . . . . . d′n
fn
}}{{
{{
{{
{{ gn
##G
GG
GG
GG
GG
d0 = a . . . dn−1 dn = b .
By applying the indution hypothesis to the pair a, dn−1 one gets an objet
d ∈ C and morphisms h : a→ d, k : dn−1 → d in C. The amalgamation
property applied to the pair of morphisms k ◦ fn and gn then gives an
objet c and two morphisms s : d→ c and t : b→ c. Then we have
morphisms f := s ◦ h : a→ c and g := t : b→ c, as required. 
From Theorems 2.5 and 2.6 we thus dedue that given a onsistent theory
of presheaf type T suh that the ategory f.p.T-mod(Set) satises the
amalgamation property, the ondition that f.p.T-mod(Set) satises JEP is
exatly what makes the theory T
′
of homogeneous T-models omplete.
Indeed, T
′
is omplete if and only if Set[T′] ≃ Sh((f.p.T-mod(Set))op, Jat)
is onneted, if and only if (f.p.T-mod(Set))op is onneted, if and only if
(f.p.T-mod(Set)) is onneted, if and only if (f.p.T-mod(Set)) satises JEP.
A geometri theory is said to be ountably ategorial if any two ountable
models of T in Set are isomorphi (where by `ountable' we mean either
nite or denumerable). Notie that, by our denition, any geometri theory
having no models in Set is (vaously) ountably ategorial. We reall from
[4℄ that every omplete atomi geometri theory is ountably ategorial;
so, by the remarks above, we obtain the following result.
Theorem 2.7. Let T be a onsistent theory of presheaf type suh that the
ategory f.p.T-mod(Set) has the amalgamation and joint embedding
properties. If T
′
is a geometri theory whih is Morita-equivalent to the
theory of homogeneous T-models then T
′
is omplete and ountably
ategorial.

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Remark 2.8. Conerning the existene of homogeneous T-models in Set,
we note that if the theory T in Theorem 2.7 is oherent then, by Lemma 2.3
and Theorem 2.4, there exists a homogeneous T-model in Set. If moreover
the signature of T is ountable then, by the results in [4℄, there is a
ountable homogeneuos T-model in Set.
The usefulness of Theorem 2.7 lies in the fat that it is generally not
diult to see, given a theory of presheaf type T, if a ertain theory is
Morita-equivalent to the theory of homogeneous T-models. In fat, one an
use Corollary 4.7 in [3℄ and the expliit desription of the homogeneous
models given in [3℄. For example, in [3℄ we saw that, given the theory T of
linear orders, the dense linear orders without endpoints orresponded
preisely to the homogeneous T-models. By using similar methods, one an
also show that, given the theory of deidable objets, the innite deidable
objets are exatly the homogeneous deidable objets and that, given the
algebrai theory of Boolean algebras, the atomless Boolean algebras are
exatly the homogeneous Boolean algebras. This leads, via Theorem 2.7, to
an alternative proof that the theory of dense linear orders without
endpoints and the theory of atomless Boolean algebras are omplete and
ountably ategorial.
Moreover, we know from [4℄ that, under the hypotheses of Theorem 2.7, the
Booleanization of the theory T axiomatizes the T-homogeneous models, and
hene we may dedue that any two ountable T-homogeneous models in
Set are isomorphi (fr. Theorem 3.3 [4℄).
We also reall from [4℄ that if T is an atomi, omplete ountable geometri
theory with innite models in Set then, denoted by M the unique
ountable model of T (up to isomorphism), we have the following
representation for the lassifying topos Set[T] of T:
Set[T] ≃ Cont(Aut(M)),
where Cont(Aut(M)) is the topos of ontinuous Aut(M)-sets, Aut(M)
being endowed with the topology of pointwise onvergene.
Let us now apply the ategorial theorem in the rst setion in the ontext
of the theories of presheaf type.
Theorem 2.9. Let T be a onsistent theory of presheaf type suh that the
ategory f.p.T-mod(Set) satises AP, JEP. If there exists in
f.p.T-mod(Set) a dominating family of arrows of nite or ountable
ardinality then there exists in Set a f.p.T-mod(Set)-homogeneous and
(f.p.T-mod(Set))-universal T-model; also, given a
(f.p.T-mod(Set))-homogeneous and (f.p.T-mod(Set))-universal T-model M ,
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if M an be written as the olimit in T-mod(Set) of a ω-hain of nitely
presentable T-models (equivalently, is ω+-presentable) then, provided that
all the morphisms in (T-mod(Set))ω are moni, M is
(f.p.T-mod(Set))-ultrahomogeneous and unique (up to isomorphism) with
this property among the (f.p.T-mod(Set))-universal and ω+-presentable
T-models.
If T
′
is a geometri theory whose models (in any Grothendiek topos) are
the homogeneous T-models, then T
′
is omplete and ountably ategorial.
In partiular, if T is ountable and has innite models in Set there exists a
unique (up to isomorphism) ountable homogeneous T-model M , and
Set[T′] ≃ Sh((f.p.T-mod(Set))op, Jat) ≃ Cont(Aut(M)),
Aut(M) being endowed with the topology of pointwise onvergene.
Proof This is immediate from Theorem 1.5, the remarks following it,
Theorem 2.7 and the remark above. 
Let us now introdue the following notions.
Given an embedding i : C →֒ D and an objet u ∈ D together with a hoie
of an arrow fc : c→ u in D for eah objet c of C, we an onsider a
ategory C˜, dened as the full subategory of (C ↓ u) on the arrows
f : a→ u in D suh that there exists an automorphism α of u (that is, an
isomorphism α : u→ u in the ategory D) suh that f = α ◦ fa. Then we
an dene a funtor χ : C˜op → Subgr(Aut(u)), where Subgr(Aut(u)) is the
olletion of the subgroups of Aut(u) regarded as a poset ategory with
respet to the inlusion, in the following way: χ sends an objet f : a→ u
in C˜ to the subgroup Autf(u) of Aut(u) formed by the automorphisms α of
u suh that α ◦ f = f and an arrow h : f → g in C˜ to the inlusion
Autg(u) ⊆ Autf(u). If χ is full and faithful and reets identities (that is,
for eah pair of arrows h, k in C˜op χ(h) = χ(k) implies h = k) we say that u
satises the Galois property with respet to C˜; notie that if C is skeletal
and χ is full and faithful then u satises the Galois property with respet to
C˜. Also, we an endow the group Aut(u) with a topology U by saying that
the subgroups in the image of the funtor χ form a base of neighbourhoods
of the identity.
In the ontext of these notions, the following proposition holds.
Proposition 2.10. Given an embedding i : C →֒ D suh that all the arrows
fc (for c ∈ C) are moni, let u be a C-ultrahomogeneous objet in D whih
satises the Galois property with respet to C˜. Then the ategory C satises
the amalgamation property and there is a natural equivalene
Sh(Cop, Jat) ≃ Cont(Aut(u))
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where Cont(Aut(u)) is the topos of ontinuous Aut(u)-sets, Aut(u) being
endowed with the topology U .
Proof From Theorem 2 p. 154 [11℄ we dedue that Cont(Aut(u)) is
naturally equivalent to Sh(SU(Aut(u)), Jat), where SU (Aut(u)) is the
ategory having as objets the ontinuous Aut(u)-sets of the form
Aut(u)/χ(f) for f ∈ C˜ and as arrows Aut(u)/χ(f)→ Aut(u)/χ(g) the
osets χ(g)α with the property that χ(f) ⊆ α−1χ(g)α (see [11℄ for more
details). To prove our proposition it is therefore enough to show that there
is an equivalene of ategories between SU(Aut(u)) and C
op
. We expliitly
dene a funtor F : SU(Aut(u))→ C
op
and prove that it is an equivalene
of ategories. Let us rst dene F on objets: F sends an objet
Aut(u)/χ(f) of SU(Aut(u)) to dom(f) ∈ C; this is well-dened sine χ
reets identities. Given an arrow Aut(u)/χ(f)→ Aut(u)/χ(g),
represented by a oset χ(g)α, we have that χ(f) ⊆ α−1χ(g)α, equivalently
αχ(f)α−1 ⊆ χ(g). This means that α ◦ β ◦ α−1 ◦ g = g (equivalently,
β ◦ (α−1 ◦ g) = (α−1 ◦ g)) for eah β ∈ Aut(u) suh that β ◦ f = f , whih is
in turn equivalent to saying that χ(f) ⊆ χ(α−1 ◦ g). This implies, by our
hypothesis that χ is full and faithful, that there exists a unique arrow
z : dom(g)→ dom(f) in C suh that f ◦ z = α−1 ◦ g. We put F (χ(g)α) = z;
this is well-dened sine χ(g)α = χ(g)α′ if and only if α ◦ α′−1 ∈ χ(g), if
and only if α−1 ◦ g = α′−1 ◦ g, if and only if f ◦ F (χ(g)α) = f ◦ F (χ(g)α′) if
and only if F (χ(g)α) = F (χ(g)α′), where the last equivalene follows from
the fat that f is moni. This also proves that F is faithful. F is full
beause u is C-ultrahomogeneous, and it is surjetive by denition of U .
Therefore, F is an equivalene of ategories. 
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